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1. INTRODUCTION 
In 1961, Epstein proved the remarkable theorem that if the fundamental group of 
a nonorientable 3-manifold is finite, then it must be ZZ. Equivalently, a finite group acting 
on a homotopy 3-sphere with O-dimensional fixed point set must be ZZ (see [l] or [2, 
Chap. 91). In 1988, Mess observed that the condition “homotopy 3-sphere” can be replaced 
by “integral homology sphere”. A proof of Mess’s observation can be found in [33. This 
raises the question if a further extension of the previous results to rational homology 
spheres is possible. In this paper we prove that this is indeed the case. 
THEOREM. AJinite group acting on a rational homology 3-sphere with 0-dimensionaljixed 
point set must be Z2. 
This theorem is a direct corollary of the following two results. 
THEOREM 1. In ajnite group G # Z2 acts on rational homology 3-sphere with O-dimen- 
sional$xed point set, then G must contain a dihedral group Dzn = (g, hlg* = h” = (gh)* = 1) 
with n > 1 odd as a subgroup where g is orientation reversing and h is orientation preserving. 
THEOREM 2. A dihedral group D2,, with odd n > 1 cannot act on a rational homology 
3-sphere with O-dimensional jixed point set. 
In [3] Wang proved that if a closed orientable 3-manifold M with Inl(M)I = co admits 
an orientation reversing involution and nl(M) has a finite index subgroup, then there is 
a finite covering space of M which has nonzero first Betti number. (This result had been 
proved by Hempel under additional conditions on x,(M) in [4] and [5].) A corollary of our 
Theorem is 
COROLLARY 3. Suppose that a closed orientable 3-mangold M with Iq(M)I = co admits 
an orientation reversing involution g with O-dimensional Jixed point set. Let g* be an 
isomorphism on x1(M) which is induced by g. Then for anyjinite index normal subgroup G of 
7c1(M), the covering space of M corresponding to Gng,(G) has nonzero Jirst Betti number. 
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Remark 1. The condition “rational homology sphere” cannot be removed in our 
Theorem. 
For any natural number n, the dihedral group Dzn acts on S2 x S’ with O-dimensional 
fixed point set as follows: Let S2 = {x, y, z E R3/x2 + y2 + z2 = l}, S’ = {eie]O < 8 < 2n) 
and define homeomorphisms g, h : S2 x S’ + S2 x S’ so that g(x, y, z, eie) = 
(- x, - y, z, e-“), h(x, y, 2, eie) = (x, y, z, ei+ce+2n/n) . Then g and h generate a dihedral 
group Dz,, that operates on S2 x S’ with O-dimensional fixed point set. 
Moreover, for any finite group G, there exists a closed orientable 3-manifold A4 such 
that 22 0 G acts on M with O-dimensional fixed point set. Namely, let MO be first a closed 
orientable 3-manifold such that G acts freely on M0 (obtained, e.g., by letting G act freely on 
a handlebody and then doubling up). There is a regular covering MI + (M,/G) # 
(P2 x [O, 11) with group of covering transformations 22 0 G. See Fig. 1. Capping off the 
2-sphere components of MI by 3-cells defines M. The covering transformations of MI 
extend to an action of ZZ @ G with O-dimensional fixed point set on M. 
It was pointed out to us by James F. Davis that any finite group acts freely on some 
rational homology 3-sphere with the action trivial on the homology. See Remark after 
Theorem A and Remark 2(b) after Proposition B in [6]. 
Remark 2. The proofs of the previously mentioned classical theorems that a finite group 
acting on a homotopy 3-sphere (integral homology 3-sphere) with O-dimensional fixed point 
set must be ZZ involves the homology of dihedral groups. In contrast our proof does not use 
any such homological algebra. In particular, we obtain a new proof of the theorem that if 
the fundamental group of a nonorientable 3-manifold is finite, then it must be 22. 
2. DEFINITIONS AND PRELIMINARIES 
We will assume throughout the piecewise linear category. 
Suppose a finite group G acts on a space X. The fixed point set of G is the set 
{4XEX,&) = ,f x or some g E G, g # id}. The fixed point set is O-dimensional if it consists 
of isolated points. We say that G acts freely on X if there are no fixed points. 
S”, D2, P2 denote the n-sphere, the 2-cell, and the projective plane, respectively. C, R, Q, 
Z, denote the complex numbers, the real numbers, the rational numbers, and the cyclic group 
of order n, respectively. Integral homology groups of a space X will be denoted by Hi(X). 
Note that if G acts freely on a space X with H,(X) finite then Z&(X/G) must be finite also. 
A 3-manifold M is a rational homology 3-sphere, if H,(M; Q) = H,(S3; Q) or equiva- 
lently, if M is closed, connected, and H,(M) is finite. In particular, M is orientable. 
A Heegaard splitting (V, , V,; F) of a closed connected 3-manifold M consists of 
handlebodies Vi c M, i = 1,2, such that V, u V2 = M and Vi n V2 = 8V1 = 8V2 = F. 
Note that if M is a compact orientable 3-manifold with 8M # 8 and with H1 (M) finite, 
then cYM consists of 2-spheres. 
LEMMA 2.1. Let G be a finite group acting freely on a compact connected orientable 
3-manifold M with$nite H,(M). Then 
(1) Zf some element of G reverses the orientation of M then aM # 8. 
(2) For any g E G, the following statements are equivalent: 
(a) g reverses the orientation of M. 
(b) Exactly two components of aM are invariant under g. 
(c) g is an involution and g reverses the orientation of M. 
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(3) Zf some element of G reverses the orientation of M then B(M/G) consists of two 
projective planes and some 2-spheres. 
Proof: (1) Suppose that aM = 8. Let g E G be orientation reversing. Its Lefschetz 
number L(g) = 1 - 0 + 0 - (- 1) = 2. By the Lefschetz fixed point theorem it must have 
fixed point, a contradiction. 
(2) (a) -+ (b). Those 2-spheres of aM that are not invariant under g we cap off by 3-cells 
obtaining the manifold M’. We extend the action of g on M to a free action of g on M’. Then 
aM’#flby(l).LetSf, . . . , Sf be the components of aM’. Since g necessarily reverses the 
orientation of each 2-sphere S f, the Lefschetz number of g on M’ must be 
L(g) = 1 - 0 + (k - l)( - 1) = 0. Therefore, k = 2. 
(b) -+ (c). Let S2 be a component invariant under g. Since g I: S2 + S2 acts freely, S2/(g) ) 
must be a projective plane. Thus, g must be an involution and must reverse the orientation 
of M. 
(c) -+ (a). Trivial. 
(3) Let Go c G be the normal subgroup of orientation preserving elements. Then Go 
has index 2 in G and M* = M/G,, + M/G is a 2-sheeted covering of M. Note that HI (M*) is 
finite. The nontrivial covering transformation is an involution which reverses the orienta- 
tion of M*. Thus, (3) follows from (2) (b). 0 
For the method of proof of the following proposition see also [7]. 
PROPOSITION 2.2. Let M be a closed connected orientable 3-manifold admitting an orienta- 
tion. reversing involution g with O-dimensional fixed point set. Then there is a Heegaard 
splitting (VI, V2; F) of M such that g(V,) = (V,). 
Proof We show that there is a splitting (MI, M2; F’) of M such that 
M = M1uM2, M, n M2 = aM1 = aM2 = F’ and g(M,) = M2. 
By trading l-handles of MI and M2, g-equivariantly exactly as in the proof of Proposition 
2.4 in [S] or in the proof of Theorem 1 in [9], a Heegaard splitting (Vi, V,; F) is obtained 
such that g(V,) = V2. 
Let K be a simplicial subdivision of M such that g : K + K is a simplicial isomorphism. 
We may assume that Fix(g), the fixed point set of g. belongs to K”, where K’ denotes the 
i-skeleton of K. For each fixed point x of g, let N, be the simplicial star neighborhood of x in 
K. Passing to a subdivision of K if necessary we may assume that N,, n N,, = 4 if x1 # x2. 
Let K’ be the barycentric subdivision of K. Then g defines a simplicial isomorphism 
g:K’+K’. 
CLAIM. In addition, we may assume that K has the property that for eachJixed point x of 
g there is a l-sphere Sj in (aNJ’l such that 
(1) g(W = S:, 
(2) Si naN2 = 4. 
Proof of Claim. Let 4 : K + K = K/(g) be the projection onto the simplicial complex K. 
Define K. = {A E K with AnFix = dr}. Then K = Kou Uxsrix(g) N, with 
K. n N, = aN,, and 41: K. -+ K. = q(K,) is a 2-sheeted simplicial covering projection. 
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0 E u (g(u), resp.) 
0 l 9 04 (u, rev.) 
Fig. 1. 
Note that aN, = q(8N.J is a simplicial subdivision of a projective plane. Further 
fiX = q(N,) = q( {x} * 8N,) = {X} * aN, and 41: {x> * i?N, + (X} * i?N, is defined by coning 
qj : alv, --t alv,. 
Choose a nonseparating simplicial l-sphere ,?i in aN,. Passing to a barycentric subdivi- 
sion of the simplicial complex &, relative to u xsFix(gjSi, we may assume that each J?i is 
a full simplicial subcomplex in the subdivision of aN,. The subdivision of K, extends by 
coning on each aN, with X to a subdivision of K. This subdivision lifts to a subdivision of K. 
Let K be this subdivision. It has the desired property. Namely, the simplicial neighborhood 
of $i in (aN,)” is now a regular neighborhood of ,?i and therefore a simplicial subdivision 
of a Moebius band. Let s& be the boundary of this Moebius band. Select a l-simplex A’ in 
si. There are exactly two 2-simplices A:, Ai in aN, containing A’. Let aA,” = (A’, Ai:, A$}, 
i = 1,2. Then [bA;:, b,;]v [b,,;,, bat] c f&, i = 1,2, where bA denotes the barycenter of 
the simplex A. Let I be the component of Sk,, - Ui=1,2(bai2, bA;]u[bA;, b& which 
contains bA;2. Suppose that a1= {bA;Z, bAi3}. Let si, = Zu[bA;,, ba;]u[bal, bA;] u 
Cbal, kg1 u Chq3, h;l. Then f% c (aNJ’ is a nonseparating simplicial l-sphere. It lifts to 
a l-sphere Si = q-‘(s~l) with the required properties. 0 
Now Si divides aN, into two 2-cells Bxl, Bx2 with g&i) = Bx2. Let V$ be the vertices 
of aNo that lie in B,i, i = 1: 2. Then aNo = VX;l uY& and g(+&) = VXx2. Next choose 
a subset V of K” - Fix(g) such that 
(1) in@“) = 47 
(2) VUg(Y) = K” - Fix(g), 
(3) KIT,1 = “y, 952 = d-tr). 
Let e,, . . . , e, be the 1-simplices of K which intersect both V and g(Y). Let Di be the 
dual 2-cell of ei with respect o K’, i = 1, . . . , n. Note that g(ei) = ej for some i and that 
g(Di) = Dj. Let 9 = (01, . . . , Da>. Then the elements of 9 intersect a 3-simplex of K as 
indicated in Fig. 1. 
Thus, 9 forms a punctured surface FL (not necessarily connected) in M with 
g(Fb) = FL. Let N,, be the simplicial star neighborhood of x in K’. Then Fb n(N, - N,,) is 
an g-equivariant proper annulus in N, - N,, . Let Si. = F b n aN,, and let D, be the cone of 
S$ in N,, = (x> * aN,, . Define F’ = FL u i,JxEpixtglDx. Then F’ is a closed surface with 
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Fig. 2. 
g(F) = F’ and Fix(g) c F’. The proper 2-cell D, c IV,, separates the 3-cell IV,, into two 
3-cells: N,, = B;1, vB:z, B:, A Bz2 = i?Bzl naBzz = D x with g(Bz,) = Bzz and 
Bfi c {x} *Bzzi, i = 1,2. Recall that the 3-simplices c3 of K’ are given by 
o3 = [bAo, bal, bAz, baaI where A’ E K is an i-simplex, i = 0, 1,2,3, with A0 = {u} c A’ c 
A2 c A3. Thus, a3nKo consists of exactly one vertex. Define MI = Uxsrix(gjBz1 v 
u #3,-++bo3 and M2 = Uxerixtg) B&V Ua3ng(Y)Z4~3. Then F’ c Miy i = 1,2. Thus, 
M = M,vM2, MInM2 = F’ = aM1 = aM2, and g(M,) = M2. 0 
PROPOSITION 2.3. Let F be a closed orientable surface and let h: F + F be a free and 
orientation preserving periodic homeomorphism of order n. Then the eigenvalues of the 
isomorphism h, : HI (F; C) + HI (F; C) are Ak, k = 0, 1, . . . , n - 1, where il = exp(2rci/n). The 
dimension of the eigenspace Ek corresponding to Ik is 2m + 2 if k = 0 and is 2m for 
k = 1, . . . , n - 1, where mn + 1 = genus(F). 
Proof According to the classical equivalence theorem of Nielsen [lo], the homeomor- 
phism h on F is conjugate to the homeomorphism indicated in Fig. 2. Therefore, we may 
assume that h is as indicated in Fig. 2. 
Let c1,c2, bI, . . . , b2,,, be cycles represented by essential simple closed curves as in- 
dicated in Fig. 2. Then {cr, c2} v U;=r {h!(b,), . . . , h’,(b,,,,)} is a basis of H1(F; C). 
Define the vectors 
eik = i Lmk’h((bi), i = 1, . . . , 2m, k=O, . . . . n-l. 
j=l 
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Thenh,(eik)=~keik,i=l, . . . . 2m,k=O, . . . , n - 1. Also h*(ci) = ci, i = 1,2. Note that the 
eigenvectors {cr, cz} u {eik, i = 1, . . . ,2m, k = 0, . . . , n - l} from a basis of H1 (F; C). Thus, 
the eigenvalues of h, : HI (F; C) + H1(F; C) are Ik, k = 0, 1, . . . , n - 1. The eigenspace Ek of 
h, corresponding to the eigenvalue lk is given by 
Ea = Ccl, c2, elo, . . . , e2,,,01 
Ek = [elk, . . . , 6&k], k = 1, . . . , fl - 1. 
Inparticular,dimEo=2m+2anddimEk=2m,k=1, . . ..n-1. cl 
3. PROOF OF THEOREM 1 
Suppose M is a rational homology 3-sphere. Then M is closed and orientable. Let G be 
a finite group acting on M with O-dimensional fixed point set. It follows from the Lefschetz 
fixed point theorem that g E G, g # id, has a fixed point if and only if g reverses the 
orientation of M. Removing suitable G-invariant 3-cell neighborhoods of the fixed point of 
G, Theorem 1 is equivalent o the following. 
THEOREM 3.1. Zf a finite group G # Zz acts freely on a compact connected orientable 
3-manifold M with jnite H,(M), such that some element of G reoerses the orientation of M, 
then G must contain a dihedral group D zn = (g, hlg’ = h” = (gh)2 = 1) with n > 1 odd as 
a subgroup where g is orientation reversing and h is orientation preserving. 
We will prove Theorem 3.1 making use of the following two propositions. 
PROPOSITION 3.2. Let M be a compact connected 3-manifold with aM = P: v P:. Let ai be 
the nonzero element of H,(PT), H,(PF) c H,(M), i = 1,2. Then al = a2 in H,(M). 
Proof Let 4 : A? + M be the 2-sheeted orientable covering of M. Then aM consists of 
two 2-spheres. Let g : &i -+ A? be the nontrivial covering trans@mation. Capping off the 
2-spheres by 3-cells we obtain the closed or@tatle 3-manifold M. The involution g extends 
to an orientation reversing involution g : M + M with two fixed points. By Proposition 2.2 
there exists a Heegaard splitting (VI, V,; F) of M such that g( V,) = V,. The fixed points of 
g lie on F. Let F. = F n Ii?. We may assume that F. is proper in M with g(F,) = F. and with 
aFo consists of two l-spheres such that q(aF,) = al u CI~. Now 91: F + F is orientation 
preserving. Hence, q(Fo) c M is a proper orientable surface with a(q(Fo)) = al ua2. 0 
PROPOSITION 3.3. Let M be a compact connected orientable 3-mangold with H,(M)jnite. 
Then Z2 @ Z2 cannot act freely on M with some element of Z2 @ Z2 reversing the orientation 
ofM. 
Proof: Suppose Z2 @ Z2 acts freely on M. Let M = M/Z, 8 Z2_ By (3) of Lemma 2.1, 
we may assume that a$f = P: u Pi. Let g E Z2 0 Z2 be an orientation reversing element, let 
(g) = Z2 be the subgroup determined by g, and let M’ = M/(g). Then we have 2-sheeted 
regular covering projections p” : M + M’ and p’ : M’ --t R. Since g is orientation reversing, 
aM’ consists of two projectives planes and some 2-spheres. Since M’ is a 2-sheeted covering 
of M, aM’ consists of exactly two projective planes and one 2-sphere. Suppose p’- ‘(Pf) 
consists of two projective planes and p’-‘(Pi) is the 2-sphere. Let ai be a loop in P” which 
presents the nonzero element of 7r1 (P?) = HI (P”) for i = 1,2. Then the loop al can be lifted 
to M’ but the loop ~1~ cannot be lifted to M’. 
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Let p = p’p”: M + M’ + @ be the 4-sheeted regular covering and let 
S:, . . . , S: c int i@ be l-spheres which represent generators of p*(nl(M)). Attach 2-cells 
DF to M via S: for each i = 1, . . . , k. Let X = fiu{D:}:,,, and let p’:X’+X be the 
corresponding covering defined by lifting the l-spheres S:, . . . , S: to M’ and attaching 
copies of DF to the lifts. Then 7c1(X) = Zz @ Zz and ai # 0 in x1(X), i = 1,2. Since a1 can be 
lifted to X’, but a2 cannot be lifted to X’, necessarily a1 # a2. Therefore, al, a2 form a basis 
of 7c1 (X) = H1 (X). Let z : I$ + X be the inclusion. Then I*(ai) = ai, i = 1,2. By Proposition 
3.2, a1 = a2Hl(i@) and hence in H,(X), a contradiction. 0 
Proof of Theorem 3.1. Let G,, be the subgroup of G consisting of all elements which 
preserve the orientation. It has index 2 in G. Therefore, G,, # (1). Choose any h # 1 E G,, 
and g E G which reverses the orientation of M. Then gh reverses the orientation of M and 
both g and gh are involutions by (2) of Lemma 2.1. So we have ghgh = 1 and, hence, 
ghg- 1 = h-‘. 
If the order n of h is even then ho = h”‘2 has order 2. Hence, ghOg- ’ = h, 1 = h,,. 
Therefore, ho and g define a subgroup Z2 0 Z2 in G, contradicting Proposition 3.3. Thus, 
n > 1 is odd. The subgroup of G generated by g and h is a dihedral group Din with the 
required properties. 
This completes the proof of Theorem 3.1, and therefore the proof of Theorem 1. i-~ 
4. PROOF OF THEOREM 2 AND COROLLARY 3 
PROPOSITION 4.1. Suppose that a dihedral group D 2,,=(g,h1g2=h”=(gh)2=1)actson 
a rational homology 3-sphere M with 0-dimensionaljixed point set so that 
(1) g is orientation reversing, and 
(2) h is orientation preserving. 
Then there exists a Heegaard splitting (VI, V,; F) of M such that g(Vv,) = V, and 
h(Vi) = Vi, i = 1,2. 
Proof: Let (h) be the cyclic normal subgroup of index 2 generated by h in D2. and let 
&i = M/(h). Since h is a free action, we have a regular covering q : M + i@. The orientation 
reversing involution g : M + M induces a unique orientation reversing involution 
g:M-+Asuchthatqg=gq. 
Then, by Proposition 2.2 there exists a Heegaard splitting (Pi, V2; F) of R such that 
#(VI) = v2. Put Vi = q- ’ (Vi), i = 1,2, and F = q-l(F). Mi is a regular neighborhood of 
a l-dimensional complex and therefore a handlebody, i = 1,2. Hence, (V,, V2; F) is 
a Heegaard splitting of M and by construction, g(V,) = V2 and h(Vi) = Vi, i = 1,2. 0 
Proof of Theorem 2. Suppose that a dihedral group D2,, with odd n > 1 acts on 
a rational homology 3-sphere M with O-dimensional fixed point set. By Theorem 1, we may 
assume that D2,, = (g, hlg2 = h” = (gh)2 = l), where g is orientation reversing and h is 
orientation preserving. By Lemma 2.1 the fixed points set of g consists of two points. 
By Proposition 4.1, there exists a Heegaard splitting (V,, V2; F) of M such that 
g(V1) = V2 and h( Vi) = Vi, i = 1,2. Note that glF is an orientation preserving involution 
with two fixed points, and h IF is an orientation preserving free homeomorphism with 
period n. 
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Let zi: F + Vi, i = 1,2 denote the inclusions. We consider the Mayer-Vietoris exact 
homology sequence of the triple (V,, v2, F) with complex coefficients: 
0 E H,(M; a=) -, H1 (F; a=) ‘I* @ - ‘I* -H,(V1;C)OH,(T/,;C)~H,(M;@)~o. 
Therefore, zl* 0 - z2 * : HI (F; C) --f HI ( VI; C) 0 HI (V,; C) is an isomorphism. Let 
Ki = ker ti*, i = 1,2. Then H1(F; C) splits naturally 
H1(F;@) =K1 OK,. 
Since g(V,) = V,, we have (glF)*(K1) = Kz. Let g1 = (glF)*I:K1 -+Kz and g2 = g;’ = 
(g(r);’ I : Kz + Kl. Since h(I’i) = Vi, we have (h(,)*(Ki) = Ki, i = 1,2, Let hi = 
(hjr),I : Ki + Ki, i = 1,2. Thus, we have 
Note that the relations g2 = h” = (gh)2 = 1 induce the following relations: 
(1) hl = identity, i = 1,2, (gi 0 g2)2 = identity. 
(2) g2h2glhl = identity, and hence, h2gl = g;‘h;’ = glh;‘. 
We define the bilinear form j?: K1 x K1 -+ C by B(x, y) = (x, gl(y)), x, Y E KI, 
where (, ) : H1(F; C) x H1(F, C) + @ is the bilinear intersection form on F (satisfying 
(px, vy) = pv(x, y) for x, y E H1 (F; C) and p, v E C). 
CLAIM 1. fi is non-degenerate and skew-symmetric. 
Proof: Note that g1 is an isomorphism from K1 to K2. Therefore, it suffices to show that 
( , ) I : K1 x K2 + @ is non-degenerate. 
Since, zi* : H1(F, C) + Hl(Vi; C) is onto and Hz(Vi) = 0 we have the following exact 
sequence of the pair (V,, F): 
0 =H2(V2;@)-,H2(~2,F;~)--P-fHI(F;c)~H~(~2;@)-tH,(V,,F;C)=0. 
Thus, K2 = ker z2* = 8H2(V2, F; C). Poincare duality defines the non-degenerate bilinear 
form ( , )2 : H2( V,, F; C) x HI ( V2; C) + @. If x E Hi (F; C), y E K2 then (x, y) = (x, jQ2 
where &jY = y. It follows that ( , ) I : K1 x K2 + C is nondegenerate. 
To prove that j3 is skew-symmetric let x, y E K1. Since g( : F + F is orientation 
preserving, 
Rx, Y) = 6, gl(Y)) 
= (kIIF)*(X), (SIF)*Sl(Y)) = <Slc4Y) 
= - <Y, 91(x)> = - B(YT 4. cl 
Since, hlF is a free orientation preserving periodic homeomorphism of order n, by 
Proposition 2.3, the eigenvalues of (hlr)* = h1 0 h2 : Hl(F; Cc) + H1(F; C) are IZk, 
k = 0, 1, . . . , n - 1, where ;Z = exp(2rci/n), and the dimension of the eigenspace Ek corres- 
ponding to Lk is 2m + 2 if k = 0 and is 2m for k = 1, . . . , n - 1. Furthermore, 
mn + 1 = genus(F). 
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Let Eik c Ki be the eigenspace of 
i = 1,2. We have the natural splittings 
hi:Ki + Ki corresponding to the eigenvalue Ik, 
n-1 _ 
Ki = @ Eik, i = 1,2 and E/, = Elk @ EZk. 
k=O 
CLAIM 2. dim&k = m, k = 1, 2, . . . , n - 1, and m is odd. 
Proo$ For x E Elk, h2(gl(x)) = gi(h;‘(x)) = gl(J’-“(x)) = A”-kgl(x). Therefore, 
g,(X) E&n-k and gll:E1k+EZ,n_k iS an isomorphism. In particular, 
dim Elk = dimEZ,_k. We observe that the characteristic polynomial n;=A(x - lk)dimE1k of 
the isomorphism h1 : K1 --t K1 must be real. Namely, H1(F, C) = Hi(F; [w) @ @ and 
Ki = Izi @ C, where Ri = ker(li* : HI (F; R) + HI (Mi; R)), i = 1,2. Therefore, the character- 
istic polynomial of hi : Ki -P Ki and @IF)* I: l?i -+ Izi are the same. Since Inek = Xk, we 
conclude that dim Elk = dimE1,n_k. Hence, 
dimElk = I/2(dimE1, + dimE1,n_k) 
= 1/2(dim Elk + dim&k) = 1/2dim Ek = m. 
On the other hand, glF is an orientation preserving involution with two fixed points. 
Removing g-invariant 2-cell neighborhood of those fixed points we obtain a surface with 
two holes on which g acts freely. The quotient is again an orientable surface with two holes. 
Computing Euler characteristics we obtain that the genus of F must be even. Thus 
mn + 1 = genus(F) is even. Since n is odd, m = dim Elk = dim EZk is odd, 0 
ForxEEIkandYEEII,O<k,l<n-l,wehave 
B(% Y) = (x7 gl(Y)) 
= <@IF)*(X), (~lF)*k?l(~))> 
= <h(x), bkIl(Y))) 
= ~WhK’W 
= Ok% sJ’W 
= ~k-‘<(XT gI(Y)) 
= Ak-‘/3(x, y). 
Therefore for k # 1, j?lEle x E,r = 0 and b splits as /3 = @i:&, where bk = 
/?I:Elk xElk -+ @. By Claim 1, fik is skew-symmetric. By Claim 2, dimElk is odd, 
k = 1,2, . . . , n - 1. Therefore, flk, k = 1,2, . . . , n - 1, is degenerate. Hence, b = @ ;Zhbk is 
degenerate. This contradicts Claim 1. q 
Proof of Corollary 3. Let A? + A4 be a covering projection corresponding to G n g,(G). 
Since, G n g,(G) is g* invariant, there is a lift g of g to fi with O-dimensional fixed point set. 
Then g and the covering transformation group of M generates a finite group G which acts 
on fi with 0-dimensinal fixed pointset. Since G # Z2, 0 has nonzero first Betti number by 
the Theorem. 0 
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